A graph is outer-1-planar if it can be drawn in the plane so that all vertices are on the outer face and each edge is crossed at most once. In this paper, we completely determine the edge chromatic number of outer 1-planar graphs.
Introduction
All graphs considered in this paper are simple and undirected. By V(G), E(G), ∆(G) and δ(G), we denote the set of vertices, the set of edges, the maximum degree and the minimum degree of a graph G, respectively. In any figure of this paper, the degree of a solid or hollow vertex is exactly or at least the number of edges that are incident with it, respectively. Moreover, solid vertices are distinct but two hollow vertices may be same unless we states.
A graph is outer-1-planar if it can be drawn in the plane so that all vertices are on the outer face and each edge is crossed at most once. Outer-1-planar graphs were first introduced by Eggleton [2] who called them outerplanar graphs with edge crossing number one, and were also investigated under the notion of pseudo-outerplanar graphs by Zhang, Liu and Wu [10] .
In fact, the notion of outer-1-planarity is a natural generation of the outer-planarity, and is also a combination of the 1-planarity and the outer-planarity. From the definition of the outer-1-planarity, outer-1-planar graphs are a subfamily of planar graphs, which are one of the most studied areas in graph theory and an important class in graph drawing. Dehkordi and Eades [3] that every outer-1-planar graph has a right angle crossing drawing and by Auer et al. [1] that the recognition of outer-1-planarity can process in linear time. Outer-1-planar graphs are also used as a special graph family for verifying some interesting conjectures on graph colorings. For instance, it is proved that the list edge and the list total coloring conjectures hold for outer-1-planar graphs with maximum degree at least five [7, 12] , and the total coloring conjecture and the equitable ∆-coloring conjectures hold for all outer-1-planar graphs [11, 7] .
An edge k-coloring of a graph G is an assignment f : E(G) → {1, 2, . . . , k} so that
f (e 2 ) whenever e 1 and e 2 are two adjacent edges. The minimum integer k so that G has an edge k-coloring, denoted by χ ′ (G), is the edge chromatic number of G. The well-known
determine whether the edge chromatic number of a graph G is ∆(G) or ∆(G) + 1 is interesting.
However, the edge chromatic number problem is an NP-complete problem, and more badly, decide whether a given simple graph with maximum degree 3 has edge chromatic number 3
is also NP-complete [4] . As far as we know, the edge chromatic numbers of only few families of graphs have been fixed. For example, the edge chromatic numbers of 1-planar graphs with maximum degree at least 10 [9] , planar graphs with maximum degree at least 7 [6] and series-parallel graphs (thus also outerplanar graphs) with maximum degree at least 3 [5] are the maximum degree.
The edge colorings of outer-1-planar graphs were first considered by Zhang, Liu and Wu [10] . They proved that the edge chromatic numbers of outer-1-planar graphs with maximum degree at least 4 are the maximum degree and announced that there are outer-1-planar graphs with maximum degree 3 and edge chromatic number 4. In this paper, we follow their work and determine the edge chromatic numbers of outer-1-planar graphs with maximum degree 3. Note that the edge chromatic numbers of graphs with maximum degree at most 2 can be easily fixed.
Therefore, we completely determine the edge chromatic number of outer 1-planar graphs.
2 The structures of outer-1-planar graphs with ∆ = 3
From now on, we assume that any outer-1-planar graph was drawn in the plane so that its outer-1-planarity is satisfied and the number of crossings is as few as possible, and this drawing is called an outer-1-plane graph. We follow the notations in [10] . Let G be 2-connected outer-
where the subscripts are taken modular |G|. easy to see that G 1 appears. Therefore, we assume that k − i ≤ 2, and similarly, assume that 
which implies either G 1 or G 2 occurs, and moreover, if G 2 appears, then (a) holds.
, which implies either G 1 or G 2 occurs, and moreover, one can check that (a) holds once G 2 appears. At last, we assume that If Otherwise, we consider a shorter A-or B-cluster by similar arguments as below.
Suppose that there is a pair of crossed chords
Similarly we can assume that k 
contradiction, so we assume that r 
, and furthermore, we have i 
by symmetry. Now we see a copy of an H 1 . If Suppose that there is a pair of crossed chords
Similarly as before, we can assume that k
and moreover, assume that l 
which implies a B-cluster with size less then y−1 in G[V[v 1 , v y ]], a contradiction to (2). Hence
and v l ′ on the boundary of the outer face, a contradiction.
by symmetry. Now we find a copy of a H 1 .
If
, then by similar arguments as above, we may have • Remove an edge z 1 z 2 and paste a copy of H t for some integer t on the current graph by identifying x and y with z 1 and z 2 , respectively.
The configurations G 2 , G 4 , G 8 and H t mentioned in above definition are the ones in Figure   2 . One can easy to check that any graph G ∈ P has maximum degree 3 and minimum degree 2.
Proof. Let F be a graph in P. If there is a vertex z of degree two with neighbors z 1 and z 2 in F, then remove it and paste a copy of G 2 (or G 4 , or G 8 , respectively) on H − z by identifying x and 8 y with z 1 and z 2 , respectively. Denote the current graph by F 2 (or F 4 , or F 8 , respectively). If 
As we can see now, any graph derived from a graph with edge chromatic number four by a sequence of the operations in Definition 3.1 still has edge chromatic number four. Since 
Proof. Let G be a minimal counterexample to this statement. One can see that G is 2-connected.
By Theorem 2.2, G contains one of the configurations G 1 , G 2 , . . . , G 7 and H t as in Figure 1 . On the other hand, since every graph G ∈ P has minimum degree 2, we have the following Remark: Not every graph in P is outer-1-planar graph. More precisely, a graph G ∈ P is outer-1-planar if and only if G does not contain K + 4 as a minor, where K + 4 is the graph described in Figure 3 , and furthermore, whether a graph G ∈ P is an outer-1-planar graph or not can be tested in linear time, see [1] . On the other hand, whether an outer-1-planar graph with maximum degree 3 and minimum degree 2 belongs to P or not can also be decided in linear time by recognizing the configurations G 2 , G 4 , G 8 or H t in each step.
